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a b s t r a c t
We investigate the inﬂuence of Coriolis force on the onset of thermomagnetic convection in ferroﬂuid
saturating a porous layer in the presence of a uniform vertical magnetic ﬁeld using both linear and weakly
non-linear analyses. The modiﬁed Brinkman–Forchheimer-extended Darcy equationwith Coriolis term has
been used to describe the ﬂuid ﬂow. The linear theory based on normal mode method is considered to ﬁnd
the criteria for the onset of stationary thermomagnetic Convection and weakly non-linear analysis based
on minimal representation of truncated Fourier series analysis containing only two terms has been used to
ﬁnd the Nusselt number Nu as functions of time. The range of thermal Rayleigh number R beyond which
the bifurcation becomes subcritical increases with increasing Λ, Da1 and Ta. The global quantity of the
heat transfer rate decreases by increasing the Taylor number Ta. The results obtained, during the above
analyses, have been presented graphically and the effects of various parameters on heat and mass transfer
have been discussed. Finally, we have drawn the steady streamlines for various parameters.
& 2014 Published by Elsevier B.V.
1. Introduction
Thermomagnetic convection in magnetized ferroﬂuids saturat-
ing a porous layer is a topic of current technical importance since
magnetic forces can be used to create circulation of coolant in
small passages where natural convection is either absent or
ineffective. The onset of thermomagnetic convection in a porous
layer is investigated using Brinkman–Forchheimer-extended Darcy
model. Most theoretical studies of ferroconvection in non-porous
and porous domains have concentrated on the linearized equa-
tions and the studies undertaken on nonlinear convection are very
sparse. Since the size of the ferromagnetic particles is small,
ferroﬂuids can ﬂow through porous media such as natural sedi-
ments or fractured rock due to gravitational, pressure gradient,
capillary, and magnetic forces (Borglin et al. [1] and Oldenburg
et al. [2]).
Schwab [3] has reported an analytical weakly nonlinear analy-
sis of convective heat transfer in a ferroﬂuid of inﬁnite magnetic
susceptibility between free horizontal surfaces. Blennerhassett
et al. [4] have analyzed weakly nonlinear thermo-convective
stability of a ferroﬂuid, conﬁned between rigid horizontal plates
at different temperatures and subjected to a strong uniform
external magnetostatic ﬁeld in the vertical direction. Nonlinear
convective roll cells that develop in thin layers of magnetized
ferroﬂuids heated from above are examined in the limit as the
wave number of the cells becomes large by Russell et al. [5]. Kaloni
and Lou [6], Sunil and Mahajan [7] have performed nonlinear
stability analysis of magnetized ferroﬂuid bounded by stress free
boundaries and heated from below using the energy method.
Recently, Laroze et al. [8] have reported theoretical and numerical
results on thermally driven convection of a magnetic suspension
by performing a truncated Galerkin expansion ﬁnding that the
system can be described by a generalized Lorenz model.
The use of energy method to construct stability thresholds is
crucial to assess whether the linear theory accurately encapsulates
the physics of onset and the behavior of nonlinear ferroconvection
in a porous medium. Straughan [9] has shown that the global
nonlinear stability threshold for convection with a thermal none-
quilibrium model is exactly the same as the linear instability
boundary. Thermoconvective instability of magnetized ferroﬂuid
saturating a porous medium has been studied using the global
nonlinear stability analysis by Qin and Chadam [10] Sunil and
Mahajan [11], while similar analysis has been carried out on the
problem to include the local thermal nonequilibrium (LTNE)
effects by Sunil et al. [12].
Blums et al. [13] have dealt with transport properties of
ferroﬂuid nanoparticles in non-isothermal capillary-porous layer.
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Experimentally they have established that the temperature differ-
ence, which is applied across the layer, induces a thermo-osmotic
pressure gradient directed toward increasing temperature. The
measurement results are interpreted in a frame of phenomenology
of linear irreversible thermodynamics.
Jyoti Prakash [14] has proved that the principle of exchange of
stabilities is not, in general valid, for the case of free boundaries, in
ferromagnetic convection, in a porous medium in the presence of a
uniform vertical magnetic ﬁeld and uniform rotation about the
vertical axis and a sufﬁcient condition is derived for the validity of
this principle. Sekar et al. [15] have analyzed the Soret-driven
ferro-thermo-convective instability of multicomponent ﬂuid in an
anisotropic porous medium heated from below and salted from
above using the Brinkman model for various values of anisotropic
parameter. Both stationary as well as oscillatory modes are
considered in the study. The vertical anisotropy is shown to desta-
bilize the system.
Jyoti Prakash and Sanjay Gupta [16] have investigated on
arresting the complex growth rates in ferromagnetic convection
with magnetic ﬁeld dependent viscosity in a rotating ferroﬂuid
layer. Straughan et al. [17] have analyzed Rotating porous convec-
tion with prescribed heat ﬂux. Sekar et al. [18] have Studied the
ferroconvection in ﬂuids saturating a rotating densely packed
porous medium. Nanjundappa et al. [19] have analysed penetra-
tive ferroconvection via Internal Heating in a Saturated Porous
Layer with Constant Heat Flux at the Lower Boundary. Nanjun-
dappa et al. [20] was investigated the onset of coupled Bénard–
Marangoni convection in a horizontal layer of ferroﬂuid with
viscosity depending exponentially on temperature is investigated.
The lower rigid and the upper free boundaries are assumed to be
insulated to temperature perturbations and the free boundary at
which the surface tension effects are accounted for is assumed to
be non-deformable. The resulting eigenvalue problem is solved
numerically using the Galerkin technique and also analytically by a
regular perturbation technique with a wave number as a pertur-
bation parameter. The analytical and numerically computed results
are found to be in concurrence. The combined effect of magnetic
number M1 and the viscosity parameter B is to reinforce together
and to hasten the onset of Bénard–Marangoni ferroconvection
compared to their presence in isolation. Nonetheless, the effect of
increasing B also shows initially some stabilizing effect on the
system depending on the strength of magnetic and buoyancy
forces. In addition, the nonlinearity of ﬂuid magnetization is found
to have no inﬂuence on the criterion for the onset of Bénard–
Marangoni ferroconvection.
Nonetheless, a different approach is followed in the present
paper to study nonlinear thermomagnetic convection in a ferro-
ﬂuid saturated porous medium. Instead of grappling with the full
problem a simpliﬁed extended Lorenz model, put forward by
Russell et al. [5], which reproduces qualitative features of the full
system with remarkable ﬁdelity is considered. This model pro-
blem, consisting of seven coupled nonlinear autonomous ordinary
differential equations, are solved with sufﬁcient accuracy by a
combination of analytical and numerical techniques. The stability
of bifurcating equilibrium solution is analyzed and heat transport
is calculated in terms of Nusselt number which is missing in the
previous studies.
2. Formulation of the problem
We consider an initially quiescent incompressible constant
viscosity ferromagnetic ﬂuid saturated horizontal porous layer of
characteristic thickness d in the presence of a uniform applied
magnetic ﬁeld H0 in the vertical direction. The system is consid-
ered to be rotating about an axis with non-uniform rotation speed.
In particular, we assume that the rotation speed is varying
sinusoidally with time. The lower surface is held at constant
temperature Tl, while the upper surface is at Tu ðoTlÞ. A Cartesian
co-ordinate system (x, y, z) is used with the origin at the bottom of
the porous layer and the z-axis directed vertically upward in the
presence of gravitational ﬁeld. The ﬂow in the rotating ferroﬂuid
saturating a porous medium is described by modiﬁed Brinkman–
Forchheimer-extended Darcy equation with ﬂuid viscosity differ-
ent from effective viscosity and the Boussinesq approximation on
the density is made.
The basic equations governing the ﬂow of an incompressible
ferroﬂuid saturated porous medium under Oberbeck–Boussinesq
approximation are:
∇ q!¼ 0: ð1Þ
ρ0
ε
∂ q!
∂t
þ1
ε
ð q!∇Þ q!
" #
¼ ∇ pf þ
ρo
2
Ω
! r!j2
 þρ g!μf
k
q!þ ~μ f ∇2 q!:

þμ0ðM
!∇ÞH!þ2ρoð q! Ω
!Þ: ð2Þ
ε ρ0CV ;Hμ0H
! ∂M
!
∂T
 !
V ;H
2
4
3
5DT
Dt
þð1εÞ ðρ0CÞs
∂T
∂t
þμ0T
∂M
!
∂T
 !
V ;H
 DH
!
Dt
¼ kt∇2T :
ð3Þ
ρ¼ ρ0 ½1αðTT0Þ ð4Þ
∇ B!¼ 0 ð5aÞ
∇ H!¼ 0 or H!¼∇ϕ ð5bÞ
here, P ¼ pþρojΩ
! r!j2=2 is the total pressure, q! is the velocity
of ﬂuid particle, Ω
!
is the angular velocity, r! is the position vector,
p is the ﬂuid pressure, ρ is the ﬂuid density, ρ0 is the reference
density, M
!
is the magnetization, H
!
is the magnetic ﬁeld intensity,
B
!
is the magnetic ﬂux density, μ0 is the magnetic permeability of
vacuum, kt is the thermal conductivity, CV ;H is the speciﬁc heat at
constant volume and magnetic ﬁeld, α is the thermal expansion
coefﬁcient and Ta ¼ ðTlþTuÞ=2 is the average temperature, μf and
~μ f are the dynamic and effective viscosities, k is the permeability
of the porous medium and ε is the porosity of the porous medium,
∇2 ¼ ∂2=∂x2þ∂2=∂y2þ∂2=∂z2 is the Laplacian operator.
Further, B
!
, M
!
and H
!
are related by
B
!¼ μ0 ðM
!þ H!Þ ð6Þ
The local magnetization M
!
is considered to be a function of H
!
and T in the form (Russell et al. [5])
M
!¼ χðTÞH! ð7Þ
where χðTÞ is the magnetic susceptibility. This expression applies
quite generally when the magnetic ﬁeld is weak and we assume
that χðTÞ can be written in a form similar to the density as
χðTÞ ¼ χ0þ
dχ
dT
 
Ta
ðTTaÞ: ð8Þ
The basic state is assumed to be quiescent and is given by
q!b ¼ 0 ð9Þ
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pb ðzÞ ¼ p0ρ0 g z
1
2
ρ0 αgβ z ðzdÞ
μ0 M0 K β
1þχ0
z μ0 K
2 β2
2ð1þχ0Þ2
z ðzdÞ
ð10Þ
Tb ðzÞ ¼ T0β ðzd=2Þ ð11Þ
Mb ðzÞ ¼M0þ
Kβ
ð1þχ0Þ
ðzd=2Þ ð12Þ
Hb ðzÞ ¼H0
Kβ
ð1þχ0Þ
ðzd=2Þ ð13Þ
ρb ¼ ρ0 ½1þαβðzd=2Þ ð14Þ
where, β¼ ΔT=d is the temperature gradient, M0 ¼ χ0H0 , K ¼
H0ðdχ=dTÞTa is the pyromagnetic coefﬁcient, k^ is the unit vector
in the z-direction and the subscript b denotes the basic state. Here
we have used the magnetic analogue of the Boussinesq approx-
imation, that is, changes in χðTÞ with temperature have been
ignored except where multiplied by H0.
To investigate the conditions under which the quiescent basic
state is stable against small disturbances, we perturb the variables
in the form
q!¼ q!0; p¼ pbðzÞþp0; T ¼ TbðzÞþθ; M
!¼M!bðzÞþM
!0
; H
!¼ H!bðzÞþ H
!0
ð15Þ
where q!'¼ ðu0; 0; w0Þ, p'; θ, H!'¼ ðH0x;0;H0zÞ and M
!
'¼ ðM0x;0; M0zÞ
are perturbed quantities and are assumed to be small. Since we
consider only two- dimensional motion, a stream function ψðx; z; tÞ
is introduced such that q!¼ ui^þwk^¼ ∂ψ=∂z i^∂ψ=∂x k^. Also, the
non-dimensional quantities are introduced in the form
t0 ¼ ðd2=κÞ tn; q!0 ¼ ðκ=dÞ q!n; p0 ¼ ðμκ=d2Þpn; θ0 ¼ βd θn; ϕ0 ¼ ðkβd2=1þχ0Þ ϕn
ð16Þ
where κ¼ k=ðρ0cÞ is the effective thermal diffusivity of the ﬂuid, In
view of the above, we note that H
!
can be written in the form
H
!¼HbðzÞk^þ
Kβd
ð1þχ0Þ
∇ϕn ð17Þ
so that
M
!¼ ½MbðzÞK β d θ k^þ
χ0Kβd
ð1þχ0Þ
∇ϕn ð18Þ
Substituting (15) in to the governing equations, eliminating the
pressure by operating curl once and using (17) and (18) we obtain
the following dimensionless equations after dropping the asterisks
1
Pr
∂
∂t
þDa1Λ∇2
 
∇2ψ
ﬃﬃﬃﬃﬃﬃ
Ta
p ∂v
∂z
þðRþRmÞ
∂θ
∂z
Rm
∂2ϕ
∂z∂x
¼ 1
Pr
J ðψ ;∇2ψÞþRm J θ;
∂ϕ
∂z
 
ð19Þ
1
Pr
∂
∂t
þDa1Λ∇2
 
vþ
ﬃﬃﬃﬃﬃﬃ
Ta
p ∂ψ
∂z
¼ 1
Pr
J ðψ ; vÞ ð20Þ
∂
∂t
∇2
 
θþ∂ψ
∂x
¼ J ðψ ; θÞ ð21Þ
∇2 ϕ∂θ
∂z
¼ 0 ð22Þ
With boundary conditions
ψ ¼ ∂
2ψ
∂z2
¼ θ¼ ∂ϕ
∂z
¼ ∂v
∂z
¼ 0 at z¼ 0; 1: ð23Þ
Here, Jð:::; :::Þ stands for the Jacobian, R¼ αβgd4=Aνκ is the
thermal Rayleigh number, Da¼ k=d2 is the Darcy number,
Rm¼ μ0 K2 β2 d4=Aμκ ð1þχ0Þ is the magnetic Rayleigh number,
Ta¼ 4Ω2 d4=ν2 is the Taylor number Pr¼ ν=εκ is the Prandtl
number.
3. The model
To study the problem, a simpliﬁed model is constructed such
that the linear results are identical with those for the full problem
and the ﬁnite amplitude solution is exact to second order in the
amplitude of the motion and appears to be qualitatively correct for
larger amplitudes. For this purpose, following Russell et al. [5], the
stream function, temperature ﬁelds and the magnetic potential are
expanded as Fourier series in x and z. From the physics of the
problem it is clear that once convection sets in, the mean (or
horizontally averaged) temperature and magnetic potential ﬁelds
must be distorted by the convective motions. Hence, a minimal
amplitude motion plus the distortion of temperature and magnetic
potential ﬁelds is used as follows:
ψ ¼ AðtÞ sin ðαxÞ sin ðπzÞ; ð24aÞ
θ¼ BðtÞ cos ðαxÞ sin ðπzÞþCðtÞ sin ð2πzÞ; ð24bÞ
v¼DðtÞ sin ðαxÞ sin ðπzÞþEðtÞ sin ð2πzÞ; ð24cÞ
ϕ¼ FðtÞ cos ðαxÞ cos ðπzÞþGðtÞ cos ð2πzÞ ð24dÞ
where, the amplitudes A ðtÞG ðtÞ are functions of time and must
be determined. We note that (24a)–(24d) satisfy the respective
boundary conditions. It is obvious that ψ is minimally represented,
since it is the simplest possible form for satisfying the boundary
conditions; it is also the form of ψ for the stability problem. The
term B ðtÞ cos ðαxÞ sin ðπzÞ is also minimal representation for θ and
is included because it must balance the stream function term in
the heat transport equation. The term CðtÞ sin ð2πzÞ represents the
minimal representation for the distortion of the mean tempera-
ture ﬁeld. The reason for the value 2 in the argument is that the
mean temperature ﬁeld is distorted by the convective term in the
heat equation. Since both ψ and θ have components proportional
to sin ðπzÞ, this will force a sin ð2πzÞ dependence on the mean
temperature. Similar remarks apply to vortices v as well as to
magnetic potential ﬁeld ϕ. Substituting (24) into (19)–(22) and
equating the coefﬁcients of like terms, we obtain the following
nonlinear autonomous system of ordinary differential equations
for the amplitudes:
dA
dt
¼ Pr ðDa1þΛδ2ÞAþ α
δ2
ðRþRmÞ B
π
δ2
ﬃﬃﬃﬃﬃﬃ
Ta
p
Dþ π
δ2
αRmF

þπ
2
δ2
αRm CF2
π2
δ2
αRm BG

ð25aÞ
dB
dt
¼ δ2BαAπα AC ð25bÞ
dC
dt
¼ 4π2 Cþπ
2
α AB ð25cÞ
dD
dt
¼ ðDa1þΛδ2ÞPr Dπ Pr
ﬃﬃﬃﬃﬃﬃ
Ta
p
Aþπα AE ð25dÞ
dE
dt
¼ Pr Da1 E4α2Λ Pr Eπ
2
α AD ð25eÞ
F ¼ π
δ2
B ð25fÞ
G¼ C
2π
ð25gÞ
where δ2 ¼ π2þα2. Eqs. (25a)–(25e) are the basic set that will be
studied in this Chapter. These equations possess two signiﬁcant
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properties. First, the divergence of the ﬂow in phase space,
∂ _A
∂A
þ∂
_B
∂B
þ∂
_C
∂C
þ∂
_D
∂D
þ∂
_E
∂E
¼ Prð3Da1þ2Λðδ2þ2α2ÞÞðδ2þ4π2Þ
ð26Þ
is always negative and so the solutions are attracted to a set of
measure zero in the phase space: this may be a ﬁxed point, a limit
cycle or a strange attractor. The dot above a quantity denotes the
derivative with respect to time t. Second, the equations have an
important symmetry as they are unchanged under the transfor-
mation
ðA;B;C;D; EÞ-ðA; B;C; D; EÞ: ð27Þ
The set of nonlinear ordinary differential equations given by
(25a)–(25e) is complicated to solve for the general time dependent
ﬁelds. However, we can look at the steady-state solution to the
system. It turns out that this information is very useful to have
because it predicts that a ﬁnite-amplitude steady solution bifur-
cates subcritically or supercritically and also helps in ﬁnding the
amount of heat transfer. Setting the left hand sides of (25a)–(25e)
equal to zero and using (25f)–(25g), we obtain
ðDa1þΛδ2Þ δ4Aþαδ2BRπδ2
ﬃﬃﬃﬃﬃﬃ
Ta
p
Dþα3ð1þπCÞ Rm B¼ 0 ð28aÞ
δ2 Bþα Aþπα AC ¼ 0 ð28bÞ
8π2 Cπα AB¼ 0 ð28cÞ
ðDa1þΛδ2Þ Pr Dþπ Pr
ﬃﬃﬃﬃﬃﬃ
Ta
p
Aπα AE¼ 0 ð28dÞ
ð2Da1þ8Λα2Þ Pr Eþπα AD¼ 0 ð28eÞ
3.1. Stationary convection
Neglecting the nonlinear terms from the system (28a–e) and
eliminating the amplitude B from (28a) leads to an expression for
the magnetic Rayleigh number at which the stationary convection
sets in. That is,
Rm ¼
ðDa1þΛδ2Þ δ6
α4
þ π
2 δ4
α4ðDa1þΛδ2ÞTa
δ2
α2
R¼ Rsm ð29Þ
It is noted that Rsm attains its critical value R
s
mc at α
2 ¼ α2c where
α2c satisﬁes the equation
b1ðα2c Þ6þb2ðα2c Þ5þb3ðα2c Þ4þb4ðα2c Þ3þb5ðα2c Þ2þb6ðα2c Þþb7 ¼ 0 ð30Þ
where,
b1 ¼ 2π3Λ2
b2 ¼ Λ4 Da1þ4π2 Λ2ðΛ3þπ3Þ
b3 ¼ 2π2 Da1ðπ Da1þΛ4Þþ2π4 Λ2ð4Λ3þπ3Þ
b4 ¼ Λ2 Da1ðDa1ðDa1þ4Λπ2Þ2π4 Λ2Þþπ2 Λ3ðΛRTaÞ
b5 ¼ 2π2 Λ2½Da1ðTa4π4Λ2Þ2π2 ΛTa5π6 Λ3þπ2 Λ2 R
b6 ¼ π2 Λ
Da1ð4π2 ΛTa7π6 Λ3þDa1ðΛR4Ta4πΛ53π2 ΛDa1ÞÞ
π2 Λ2ð8π6 Λ2þ5π2 TaΛ3 RÞ
" #
b7 ¼ π2 Λ½Da1ð4π2 ΛTa7π6 Λ3þDa1ðΛR4Ta4πΛ5
3π2 ΛDa1ÞÞπ2 Λ2ð8π6 Λ2þ5π2TaΛ3 RÞ
It is interesting to look for some known results from (29) under
limiting cases. For the non-porous domain case ðDa1 ¼ 0; Λ¼ 1Þ,
(34) reduces to
Rm ¼
δ8
α4
þπ
2δ2
α4
Ta δ
2
α2
R ð31Þ
For the non-rotating system in a non-porous ferroﬂuid layer
ðTa¼ 0¼Da1; Λ¼ 1Þ, Eq. (31) reduces to
Rm ¼ δ
8
α4
 δ
2
α2
R ð32Þ
The above expression coincides with Russell et al. [5] and it
attains the critical value when the critical wave number satisﬁes
the equation.
2ðα2c Þ4þ4π2ðα2c Þ3þðπ2R4π6Þ ðα2c Þ2π8 ¼ 0: ð33Þ
Further, for an ordinary viscous ﬂuid medium case (Rm ¼ 0),
Eq. (29) gives an expression for R in the form
R¼ δ
6
α2
þπ
2
α2
Ta: ð34Þ
The above result coincides with the one obtained by G Veronis
[21]. It is thus observed that the model equations considered gives
the results of linear stability theory results which are identical
with those for the full problem.
3.2. Steady ﬁnite amplitude convection
The linear stability theory does not give any information about
the stability of bifurcating ﬁnite amplitude solution and also the
heat transfer. This can be achieved by considering the nonlinear
terms in the equations. Expressing the amplitudes B, C, D and E in
terms A using (28b)–(28e), we obtain
B¼  αA
δ2þα2 A2=8
ð35aÞ
C ¼ α
8π
AB ð35bÞ
D¼  2π
ﬃﬃﬃﬃﬃﬃ
Ta
p
Pr2ðDa1þ4Λα2Þ A
π2 α2 A2þ2 Pr2ðDa1þ4Λα2Þ ðDa1þΛδ2Þ
ð35cÞ
E¼  πα
Pr ð2Da1þ8Λα2ÞAD ð35dÞ
From (25a), we now obtain an equation for the amplitude A in
the form
A b0 ðA2Þ3þb1 ðA2Þ2þb2 ðA2Þþb3
h i
¼ 0 ð36Þ
where
Δ1 ¼Da1þΛδ2 Δ2 ¼Da1þ4Λα2 b0 ¼ π2α6δ2Δ1
b1 ¼ 16π2α4δ4Δ1þ2α4Pr2Δ12Δ2δ2þ2π2α4Pr2Δ2Ta8π2α6R
b2 ¼ 64π2α2δ6Δ1þ32α2Δ12Δ2δ4Pr264π2α4δ2R16α4Δ1Δ2Pr2R
þ32π2α2δ2Pr2Δ2Ta64π2α6Rm
b3 ¼ 128Δ12Δ2δ6Pr2128Δ1Δ2α2δ2Pr2R128Δ1Δ2Pr2α4Rm
þ128π2Δ2δ4Pr2Ta
The solution A¼ 0 corresponds to pure conduction, which we
know to be a possible solution though it is unstable when the
Rayleigh number R is sufﬁciently large. The remaining solutions
are given by
π2α6δ2Δ1ðA2Þ3þf16π2α4δ4Δ1þ2α4Pr2Δ12Δ2δ2
þ2π2α4Pr2Δ2Ta8π2α6RgðA2Þ2
þ 64π
2α2δ6Δ1þ32α2Δ12Δ2δ4Pr264π2α4δ2R16α4Δ1Δ2Pr2R
þ32π2α2δ2Pr2Δ2Ta64π2α6Rm
( )
ðA2Þ
128Δ1Δ2α4Pr2ðRmRsmÞ ¼ 0 ð37Þ
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In the neighborhood of Rsm there is a triplet of steady solutions,
one of which is the static solution (which is always unstable for
Rm4R
s
m). The other two are ﬁnite-amplitude solutions which,
owing to the symmetry of (28a–e), differ only in the sign of A;B
and D. To investigate the behavior of steady ﬁnite amplitude
solution in the neighborhood of Rm, we use modiﬁed perturbation
theory. Accordingly, Rm is expanded in terms of the amplitude
Accordingly, Rm is expanded in terms of the amplitude A
2oo1 in
the form
Rm ¼ Rm0þ
A2
8
 !
Rm2þ⋯ ð38Þ
Eq. (38) is substituted back into (37) and the coefﬁcients of like
powers of A2 are collected.
At zeroth order in A2, the results of linear stability are retrieved
and is found that
Rm0 ¼ Rsm ¼
Δ1 δ
6
α4
þ π
2 δ4
α4 Δ1
Ta δ
2
α2
R ð39Þ
At the ﬁrst order in A2, we ﬁnd that
Rm2 ¼
Δ1 δ
4
4α2
þ π
2 δ2
4Δ1 α2
Ta π
4 δ4
2α4Δ21 Δ2 Pr
2Ta
R
8
ð40Þ
This is the ﬁrst non-trivial steady ﬁnite-amplitude magnetic
Rayleigh number. It is observed that Rm2 may be either positive or
negative depending on the value of thermal Rayleigh number. The
ﬁnite-amplitude solution is said to be stable (bifurcation is super-
critical) if Rm240 and said to be unstable (bifurcation is sub-
critical) if Rm2o0. From (40) it is seen that for negative values of R,
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Fig. 1. Physical conﬁguration.
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Fig. 2. Neutral curves for different values of (a) R with Ta¼100 and (b) Ta with
R¼ 500 for Pr¼ 10, Da1 ¼ 100 and Λ¼ 2.
-
Fig. 3. Neutral curves for different values of (a) Λ and (b) Da1 for Ta¼ 100,
R¼ 500 and Pr¼ 10.
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the ﬁnite-amplitude solution is always stable and hence subcritical
instability is not possible.
4. Heat transport
The vigor of convection is measured in terms of heat and mass
transfer. If H is the rate of heat transport per unit area then
Ht ¼ κ ∂T∂z

 
z ¼ 0
ð41Þ
where the angular brackets correspond to a horizontal average.
Substituting
T ¼ T0βd z
1
2
 
þθ ðx; z; tÞ: ð42Þ
in the above equation, performing the integration and using (16),
we obtain an expression for the Nusselt number Nu in the form
Nu¼ H d
κΔT
¼ 12πC ¼ 1þ2 α
2 A2
ð8δ2þα2 A2Þ
: ð43Þ
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Fig. 4. Variation of Nu with Rm for different values of Ta when Pr¼ 10, Λ¼ 2 and
Da1 ¼ 100.
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Fig. 5. Variation of Nu with Rm for different values of Da1 when Pr¼ 10, Ta¼ 100
and Λ¼ 2.
Fig. 6. Variation of Nu with Rm for different values of Λ when Pr¼ 10, Ta¼ 100 and
Da1 ¼ 100.
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Fig. 7. Variation of Nusselt number with time t for two of values of (a) Ta¼ 0 and
(b) Ta¼ 100, when Pr¼ 7, Da1 ¼ 25, Λ¼ 2, Rm ¼ 40 and R¼ 80000.
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It is observed that in the absence of convection the heat
transfer is only by conduction and in that case Nu¼ 1.
5. Results and discussion
Two-dimensional ferroconvection in a Boussinesq ferroﬂuid
medium in the presence of an imposed magnetic ﬁeld is described
in terms of a simpliﬁed model such that
(i) linear results are identical with those for the full problem, and
(ii) ﬁnite amplitude solution is exact to second order in the
amplitude of the motion and appears to be qualitatively
correct for larger amplitudes.
This is achieved with a ﬁfth-order system of ordinary differ-
ential equations which possesses both periodic and steady solu-
tions and allows subcritical convection. In the investigation,
Brinkman–Forchheimer-extended Darcy is used. Also, the effective
viscosity is considered to be different from viscosity of the ferro-
ﬂuid.
The instability of the system is controlled by the thermal
Rayleigh number R and the magnetic Rayleigh number Rm, both
of which provide effective measures of the temperature difference
across the ﬂuid layer. The thermal Rayleigh number R is propor-
tional to the temperature gradient while the magnetic Rayleigh
number Rm is proportional to the square of the temperature
gradient. Although R can be positive or negative, Rm can never
be negative. The sign of R indicates which boundary is hotter.
When R40, the lower boundary is hotter and both the gravita-
tional buoyancy force and the magnetic body force are destabiliz-
ing. When Ro0, the upper boundary is hotter, the gravitational
buoyancy force is stabilizing and only the magnetic body force can
produce instability. For a particular value of thermal Rayleigh
number R a curve of marginal stability, Rsm is found in the present
study (Fig. 1 Q2).
For given values of thermal Rayleigh number R, Taylor number
Ta, viscosity ratio Λ and the inverse Darcy number Da1, (29)
describes the neutral curves for the onset of ferroconvection. The
neutral stability curves in the ðRm; aÞ- plane for different values of R
with Ta¼ 100 and Ta with R¼ 500 for a ﬁxed value of Pr¼ 10,
Da1 ¼ 100 and Λ¼ 2 are shown in Fig. 2(a) and (b), respectively.
Fig. 3(a) and (b) respectively display the neutral curves for
different values of Λ with Da1 ¼ 100 and Da1 with Λ¼ 2 for
Ta¼100 and R¼ 500. The unstable states lay above each neutral
stability curve and the ﬁgures show the upward concave shape
of the neutral stability curves, typical of stability problems of the
Rayleigh–Bénard type. From the ﬁgures it is evident that the
stability region for the system heating from above increases
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Fig. 8. Variation of Nusselt number with time t for two of values of (a) Da1 ¼ 10
and (b) Da1 ¼ 25, when Pr¼ 7, Ta¼ 100, Rm ¼ 40 Λ¼ 2 and R¼ 80000.
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Fig. 9. Variation of Nusselt number with time t for two of values of (a) Rm ¼ 0 and
(b) Rm ¼ 70, when Pr¼ 7, Ta¼ 100, Da1 ¼ 25, Λ¼ 2 and R¼ 80000.
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compared to heating from below and the neutral stability curve for
R¼ 0 corresponds to the case of no buoyancy, and in that case the
instability is only due to magnetic forces (Fig. 2(a)). Increase in
the values of Ta (Fig. 2(b)), Λ (Fig. 3(a)) and Da1 (Fig. 3(b)) is to
increase the region of stability.
The heat transfer is calculated in terms of Nusselt number Nu.
Figures illustrate the variation of Nu as a function of magnetic
Rayleigh number Rm for different values of physical parameters.
From the ﬁgures it is observed that the heat transfer increases
with increasing Rm indicating the ferroﬂuids transfer heat more
effectively. This is due to an increase in the destabilizing magnetic
force which hastens the onset of ferroconvection. Moreover, the
value of Nusselt number for negative thermal Rayleigh number
(heating from above) is lower than those of positive thermal
Rayleigh number (heating from below) as the system is more
stabilizing when it is heated from above. Increase in the value of
Ta (Fig. 4), Da1(Fig. 5) and Λ (Fig. 6) is to decrease the value
of Nusselt number since effect Coriolis force is to delay the onset of
ferroconvection. There is no signiﬁcant effect of pradult number
Pr on Heat Transfer and its effect is to hasten the onset of
ferroconvection.
The autonomous system of Eqs. (25a)–(25e) is solved numeri-
cally using the Runge–Kutta–Gill method with appropriate initial
conditions for different values of the governing parameters and
the transient behavior of Nusselt number is demonstrated in Fig. 6(a)
and (b), Fig. 7(a) and (b), Fig. 8(a) and (b) and Fig. 9(a) and (b), reveal
that heat source enhances heat transport, whereas heat sink
diminishes it. Further, it is important to note that there is an excellent
agreement between the values of Nu computed analytically for the
steady case and numerical results of unsteady case for large time t.
The streamlines of steady convection are presented in Fig. 10(a)
and (b), Fig. 11(a) and (b), Fig. 12(a) and (b), Fig. 13(a) and (b), for
various values of physical parameters. From the ﬁgures it is
apparent that the convective cells are shrinking with increasing
values of Ta (Fig. 10(a) and (b), Da1(Fig. 13(a) and (b)) and Λ
(Fig. 14(a) and (b)). Besides, the cells get contracted little more
when the system is heated from above compared to heating from
below case R (Fig. 12(a) and (b)).
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Fig. 10. Variation of Nusselt number with time t for two of values of (a) Λ¼ 1 and
(b) Λ¼ 2, when Pr¼ 7, Ta¼ 100, Da1 ¼ 25, Rm ¼ 40 Λ¼ 2 and R¼ 80000.
Fig. 11. The streamlines of steady convection for (a) Ta¼ 0 and (b) Ta¼ 600 when
Pr¼ 10, Da1 ¼ 25, Λ¼ 2, R¼ 500 and Rm ¼ 8000.
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6. Conclusions
A weakly nonlinear ferromagnetic convection in a ferroﬂuid
saturated porous medium is studied using Brinkman-extended-
Darcy model in a simpliﬁed model of two-dimensional convection.
This model is exact to second order in the amplitude of the motion
and is qualitatively accurate for larger amplitudes. The magnetic
Rayleigh number Rm is considered as the eigenvalue. From the
foregoing study the following conclusions can be drawn.
(i) The model equations considered give linear stability theory
results which are identical with those for the full problem. The
onset of ferroconvection is delayed when the ferroﬂuid layer is
heated from above compared to heating from below case.
(ii) The steady bifurcating equilibrium solution bifurcates only
supercritically if the ferroﬂuid layer is heated from above. But
the solution bifurcates subcritically as well when the ferro-
ﬂuid layer is heated from below. The range of thermal
Rayleigh number R beyond which the bifurcation becomes
subcritical increases with increasing Λ, Da1 and Ta.
(iii) The global quantity of the heat transfer rate decreases by
increasing the Taylor number Ta.
(iv) The contribution of Nusselt number at the onset of stationary
thermomagnetic convection: The Nusselt number increases
with increasing Rm. Increase in the value of Ta, Λ and Da1
is to decrease. Besides, the numerical result relating to the
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Fig. 12. The streamlines of steady convection for (a) R¼ 500 and (b) R¼ 500
when Pr¼ 10, Da1 ¼ 25, Λ¼ 2, Ta¼ 100 and Rm ¼ 8000. Fig. 13. The streamlines of steady convection for (a) Da
1 ¼ 10 and (b) Da1 ¼ 50
when Pr¼ 10, R¼ 500, Λ¼ 2, Ta¼ 100 and Rm ¼ 8000.
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transient Nusselt number for large time t compared well with
the results of steady state Nusselt number.
(v) The streamlines of steady convection are presented and the
convective cells are shrinking with increasing values of Ta, Λ
and Da1, while they get elongated with increasing value of R.
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Fig. 14. The streamlines of steady convection for (a) Λ¼ 1 and (b) Λ¼ 5 when
Pr¼ 10, R¼ 500, Da1 ¼ 25, Ta¼ 100 and Rm ¼ 8000.
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